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It is readily checked that a canonical system of this matrix polynomial can be 
chosen as follows: 
the first chain: 
i 0  1
Ii 
0  1!! 0  1; 
the second chain: 
i 0 1!I 0 1!i 0 . 1  
The maximal length of Jordan chains is 3 here. It is evident that there is no basis in C3 
satisfying Lemma 1. Thus, L,(X) cannot be decomposed into a product of linear factors. 
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On the Classical Theory of Elementary Spinors 
by FRANC0 PIAZZESE” 
1 
Spinors are a mathematical tool long employed in theoretical physics to describe 
the wave function of a quantum system with spin: Pauli described the wave function of 
a spinning electron with an elementary (2-component) spinor in his nonrelativ- 
istic theory; Dirac employed to a 4-component spinor in his very successful 
relativistic theory. 
” Dipartimento di Matematica. Politecnico, Corso Duca degli Abruzzi 24, 10129 Torino, 
Italy. 
CONFERENCE REPORT 243 
Although Dirac’s theory is one of the physical theories most convincingly confirmed 
by experiment, even to this day not all of its interpretative aspects are entirely clear 
(e.g., [l]); and it appears that the discussion in the literature about the very significance 
of spinors is not about to end (cf. [2-51). We have for example the following assertion of 
Penrose [6]: “We have still not yet seen the full significance of spinors-particularly the 
2-component ones-in the basic structure of physical laws.” Moreover, with a view 
toward resolving one problem or another, there has been considerable experimentation 
in the literature with definitions of spinors different from the classical one originally 
employed in the Pauli and Dirac theories. In particular, Riesz [7] introduced a 
definition based on the minimal ideals of the Clifford algebras about half a century ago, 
which is now recognized as the “modern definition of spinors” [8, p. xi]. However, even 
the Riesz definition is far from resolving all difficulties [9]. 
It appears now that a careful revision of the classical theory of spinors is necessary. 
The purpose of this paper is to outline such for the elementary spinors, in both the 
nonrelativistic and the relativistic cases. 
2 
As is known, an elementary spinor 4 is an element of the two-dimensional complex 
vector space e2 (regarded here as a column vector), depending on the space and time 
coordinates. When the reference frame to which the physical system is referred is 
rotated or, in the relativistic case, undergoes an homogeneous Lorentz transformation, 
it is transformed as follows (e.g., [lo, 111): 
P = M+, (1) 
where the matrix M belongs to the unimodular group SL(2, G) (relativistic case), or to 
the unitary group SU(2, G) C SL(2, G) ( nonrelativistic case). When distinguishing them, 
we call the relativistic and the nonrelativistic spinors 4- and 3-spinors, respectively. 
For any spinor the representations 
are equivalent in the sense that each of them determines the other three (the star 
denotes the matrix Hermitian conjugate, in particular the conjugate of a complex 
number). From (1) and (2) follows the transformation law 
$’ = M$, & = (M-l)*&, $‘* = $*M*, @* = $*M-‘. (1’) 
Consider the following skew-symmetric bilinear form: 
(3) 
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where + and 4 are arbitrary elementary spinors. The bilinear form (3) is invariant, 
because of (l’), and therefore defines the usual scalar product for spinors. Since the 
form (3) clearly vanishes when the spinors coincide, no nonvanishing norm for the 
spinors can be defined from it. On the other hand, the Hermitian form 
($, 4) = 4*$ = c#d*p + 4**+2 = (IJ, 4) (4) 
is invariant in the nonrelativistic case (M* = M-l). Thus, it can be used to define 
another scalar product, but only for 3-spinors. That is, the norm of any elementary 
3-spinor $ can be defined as the real nonnegative expression 
For any nonvanishing 3-spinor $ a “normalized” 3-spinor can be defined: 
(5) 
(6) 
4 
We introduce at any point 0 in A’, the absolute 3-dimensional ambient space of 
classical mechanics, two orthogonal frames S,, S,, with the same origin 0. When S, 
coincides with St, the coordinates xh, yh (h = 1,2,3), with respect to S,, Ss, of any 
point P E X, obviously coincide. When S, is rotated with respect to S,, the coordinates 
xh of any point FE %, fixed in S,, undergo the following orthogonal transformation: 
dh = Ahkxk. 
(The Einstein sum convention is implied. When not specified, the Latin indices have 
the values 1,2,3; the Greek ones the values 0,1,2,3.) We consider only proper 
rotations: thus, A = (Ah,} E SO(3, w). 
Now we employ the well-known homomorphism of the group SU(2,Ct) onto the 
group SO(3, W) [12]: 
Ahk rkoh = rhUohU*. (8) 
In consequence of the homomorphism (8), the transformation (7) is equivalent to the 
following endomorphism of the R-vector space IX; of traceless, second-order Hermitian 
matrices: 
One can therefore use either of the matrices U E SU(2, CZ) or A E SO(3, W) to describe 
any proper rotation of S2 with respect to S,. 
Consider now any sequence of two rotations of this t-e, with matrices U,V E 
SU(~, @), respectively. In the second rotation, due to the group property, the columns 
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tclj, tczj of U and the rows t(*1,. t& of U* are transformed, as follows: 
&, = V.&Q (a = 1,2), (loa) 
<($ = E&v* (u = 1,2). (lob) 
zt follows that $1,. .$) are elementary 3-spinors, and EC,, .$& the 3-spinors’ Hewnitian 
conjugates [see the equations (l’), with V replacing Ml. 
REMARKS. 
(i) The spinors defined immediately above are defined up to sign, as are the 
matrices U, U* containing them. 
(ii) Owing to the unitarity and unimodularity of U, the 3-spinors f t(1,, + lC2) are 
orthogonal and normalized, with respect to the scalar product (4). 
(iii) These spinors depend on three independent real parameters (exactly the 
number of parameters required to describe the rotation). 
(iv) Since ECz, = [~1,, the spinors ftClj, * tC2), * t$,, + t;“2, are equivalent (see 
Section 2). This allows us to define a one-to-one correspondence between the normal- 
ized 3-spinors and SU(2, G) (e.g., by putting 5 E tCIj). 
We conclude that any nonuanishing elementary 3-spinor #, defined up to the sign, 
may be employed to describe both a 3-dimensional proper rotation (by means of the 
normalized 3-spinor (6)) and a positive scnlar quantity (given by Equation (5)). Con- 
versely, any pair consisting of a S-dimensional proper rotation and a positive scalar 
quantity can be described by a suitably chosen elementary 3-spinor. 
Any nonvanishing 3-vector can be obtained by rotating and dilating any “reference” 
3-vector with the same origin. Once the “reference” 3-vector has been chosen, the 
components of any 3-vector can be written as quadratic expressions in a suitably chosen 
elementary 3-spinor, the norm (5) of which is the dilatation factor. In this way we get an 
interpretation of the spinor like the one proposed in [13], without modifying (and 
complicating) the classical definition, as is done in that reference. 
5 
In the afline theories of gravitation (including both general and special relativity), 
space-time is described as a 4-dimensional manifold M, endowed with a Lorentz metric 
tensor field [14; 15, Section 3.11. At an event in such a space-time, we introduce two 
local orthogonal frames C, and C,, each viewed via a restricted (i.e., homogeneous and 
orthochronous) Lorentz transformation with respect to the other. Then we employ the 
well-known two-valued representation of the restricted Lorentz group L: onto the 
group SL(2, C): 
LPx”o = r’Po P* a P c ’ (11) 
where L = { Lz} E G and P E SL(2, C) (e.g., [16] and [17]). By an argument like the 
one employed in Section 3, we get the following conclusions. 
(i) We can define a one-to-one correspondence between ordered pairs of elementary 
4-spinors and SL(2, G), by regarding the columns of matrix P as 4-spinors. 
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Such 4-spinors are defined up to sign and fulfill the condition 
(ii) An arbitrary pair of elementary 4-spinors $ (1), G(z) generally do not fulfill the 
condition (12). However, if the complex quantity 
does not vanish, the following 4-spinors, fulfilling the condition (12), can be constructed: 
+ XC,) = f $(,, /P (a = 1,2). (14) 
(iii) As a result, any pair of elementary 4-spinors $(,,, 4(z) such that the quantity 
(13) does not vanish may be used to describe both a restricted Lorentz transformation (by 
means of the pair of 4-spinors (14)) and a complex quantity (given by Equation (13)). 
Conversely, any pair consisting of a restricted Lorentz transformation and a complex 
quantity can be described by one suitably chosen pair of elementary 4-spinors. 
(iv) One can construct from any pair of elementary spinors, as considered above, a 
4-component spinor (or a “bispinor”). 
(v) The scalar quantity (IS), on putting $(2) = JC1) ( nonrelativistic case), reduces to 
(4) with $ = 4 = +). 
6 
The conclusions contained in Sections 4 and 5 can be extended to any space region 
or any space-time domain. This clarifies the meaning of the 2- and 4-component spinor 
fields. In particular, any nonvanishing 3-vector field can be described by an elementary 
3-spinor field. Likewise, any pair of nonnull (not lightlike) 4-vector fields can be 
described by a pair of elementary 4-spinor fields. 
Finally, in the Pauli theory for the spinning electron, the associated field of the 
probability density is described by the modulus (5) of an elementary 3-spinor field 
(the wave function), and the corresponding normalized spinor field described all the 
features due to the spin [18]. It is hoped that the above results will be of some use in 
further investigations of the Dirac theory. 
In conclusion, the 2-component spinors, as classically defined, can indeed be easily 
understood; and once properly understood, the classical definition remains very useful, 
because of its conceptual clarity and its utility in many calculations. In sum: there is no 
need to discard the classical definition. 
This work has been carried out under the auspices of the ltalian Council for 
Research: C. N. R., G. N. F. M., with support of the Italian Ministry of Research. 
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Matrices Over a Discrete Valuation Ring 
by ANTONIO PIZARRO” 
The goal of this research is to establish canonical forms and similarity classes of 
matrices with entries in a valuation ring. As a further step, the objective is to use the 
similarity classes to calculate the representations of the linear group G l(n) over the ring 
of integers in a p-field. 
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